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Exercise 1
For a given k ∈ R compute, using the Completion of Square Method, the solutions of the following equation
in the x variable and specify for what values of k they are real.
x2 − kx+ 2 = 0
Solution: Since x2 − kx+ 2 = (x− k
2
)2 − k
2
4
+ 2 then
x2 − kx+ 2 = 0⇔ (x− k
2
)2 =
k2
4
− 2 and then
x =
k
2
±
√
k2
4
− 2
There are real solutions for
k2
4
− 2 ≥ 0⇔ k ∈ (−∞,−2√2 ] ∪ [ 2√2,∞)
Exercise 2
Consider the complex number z =
1 + i
2− i where i is the imaginary unit. Compute real part, imaginary part,
modulus and phase of z and draw it in the complex plane.
Solution: z =
1 + i
2− i =
1 + i
2− i
2 + i
2 + i
=
1
5
(1 + 3i)⇒
Re(z) =
1
5
Im(z) =
3
5
|z| =
√
10
5
θ(z) = arctan(3)
2
Exercise 3
Compute the following limit
lim
x→+∞
x2 + 3x+ 1
3x2 + 1
sin
(
1
x
)
x
Solution:
lim
x→+∞
x2 + 3x+ 1
3x2 + 1
sin
(
1
x
)
x = lim
x→+∞
x2 + 3x+ 1
3x2 + 1
lim
x→+∞
sin
(
1
x
)
x =
lim
x→+∞
x2 + 3x+ 1
3x2 + 1
lim
t→0+
sin(t)
t
=
1
3
1 =
1
3
Exercise 4
Compute the derivative of the following function
f(x) =
esin x + x2
log x
Solution:
f ′(x) =
(esin x cosx+ 2x) log x+ (esin x + x2) 1x
(log x)2
=
(esin x cosx+ 2x)
(log x)
+
esin x + x2
x(log x)2
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Exercise 5
For t ≥ 0, find the solution y(t) of the ODE y′ = −√t y2 with the initial condition y(0) = 1.
Solution:
y′ = −
√
t y2 ⇒
∫ y
y0
1
y2
dy = −
∫ t
0
√
t dt
Then [
− 1
y
]y
y0
= −2
3
[
t3/2
]t
0
and using y0 = y(0) = 1
y(t) =
3
3 + 2t3/2
Exercise 6
Consider the function f(x) = e
1
x , find its domain, sign, limits at the boundaries(asymptotes), maxima and
minima, inflections points and sketch the graph.
Solution:
Dom(f) = R \ {0}
f(x) > 0 ∀ x ∈ Dom(f)
lim
x→±∞
f(x) = 1±, lim
x→0+
f(x) = +∞, lim
x→0−
f(x) = 0+
f ′(x) = − 1
x2
e
1
x < 0 ∀ Dom(f)
f ′′(x) =
( 2
x3
+
1
x4
)
e
1
x =
1
x4
e
1
x (2x+ 1)
f ′′(x) = 0⇔ x = −1
2
4
Exercise 7
Compute the following integral ∫ pi
0
x2 sinxdx
Solution: Using twice the integration by parts formula one obtains∫ pi
0
x2 sinxdx =
[
x (− cosx)
]pi
0
−
∫ pi
0
2x (− cosx) dx =
pi2 + 2
[
x sinx
]pi
0
− 2
∫ pi
0
sinxdx =
pi2 + 2
[
cosx
]pi
0
= pi2 + 2(−1− 1) = pi2 − 4
Exercise 8
Given the following vectors in R3: ~a =
 10
1
 , ~b =
 02
0
 and ~c =
 01
1
. Find the angles between all the
pairs of these vectors, the area of the parallelogram spanned by ~a and ~b and the volume of the parallelepiped
spanned by ~a, ~b and ~c.
Solution:
cos(âb) =
~a ·~b
|~a||~b|
= 0⇒ âb = pi
2
cos(b̂c) =
1√
2
⇒ b̂c = pi
4
cos(âc) =
1
2
⇒ âc = pi
3
Area(~a,~b) =
∣∣∣~a×~b∣∣∣
Since ~a×~b =
 −20
2
 then Area(~a,~b) = √4 + 4 = 2√2
Volume(~a,~b,~c) =
∣∣∣det
1 0 10 2 0
0 1 1
∣∣∣
Then Volume(~a,~b,~c) =
∣∣∣1 (2− 1)∣∣∣ = 2.
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Exercise 9
Using the matrix method, solve the following linear system
−2x+ z = 1
x− y + 2z = 0
x− 3y − z = 2
Solution: The system can be written in the matrix form as
A
 xy
z
 =
 10
2

where A =
−2 0 11 −1 2
1 −3 −1
. Since detA = −16, one can invert the matrix A obtaining xy
z
 = − 1
16
 7 3 13 1 5
−2 5 2
  10
2
 = − 1
16
 913
2

Exercise 10
Find the eigenvalues and eigenvectors of the matrix A =
(
1 −2
−1 1
)
.
Solution:
det(A− λI) = 0⇒ det
(
1− λ −2
−1 1− λ
)
= 0⇔
(1− λ)2 − 2 = 0⇒ λ1,2 = 1±
√
2
(A− λ1I)~v1 = ~0 and then setting ~v1 =
(
x
y
)
the previous equations reduces to the linear system
{
−√2x− 2y = 0
−x−√2y = 0
which is equivalent to the linear equation x = −√2y. Thus the eigenvector, up to scalar multiplication,
is ~v1 =
( −√2
1
)
. In an analogous way one finds that the eigenvector ~v2 associated to the eigenvalue
λ2 = 1−
√
2 is ~v1 =
( √
2
1
)
.
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